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Abstract. The main purpose of this paper is to study the mean value properties of a sum
analogous to character sums over short intervals by using the mean value theorems for the
Dirichlet L-functions, and to give some interesting asymptotic formulae.
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1. Introduction
Let q > 3 be an integer, and χ a Dirichlet character modulo q. Over the past






Pólya [1] and Vinogradov [2] studied the character sums when the modulus q is equal
















where c is a constant. Actually, one can establish the above inequality with the
constant c = 1. If χ is a primitive character modulo q, A. V. Sokolovskĭı [3] proved





















This work is supported by the N.S.F. (60472068) of P.R.China.
651
where [y] denotes the greatest integer which less than or equal to y. For general non-


















< k · h,
where h is any positive integer. Xu Zhefeng and Zhang Wenpeng [5] gave the 2k-th










































































First we transform the sum to L-functions. Then using the mean value theorems
for Dirichlet L-functions, we study the mean value properties of the sums over short
intervals, and obtain a sharper asymptotic formula for them. That is, we shall prove
the following:




















































































denotes the summation over all primitive characters modulo q such
that χ(−1) = 1, ε is any fixed positive number, J(q) denotes the number of all
primitive characters modulo q,
∏
p|q
denotes the product over all prime divisors p of q
and Cnm = m!/n!(m − n)!.









































































































































































we may immediately get
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To prove the theorem, we need the following lemmas.
Lemma 1. Let χ be a primitive Dirichlet character modulo q with q > 3, then





































χ(a)e(a/q) is the Gauss sum, e(y) = e2πiy, and L(s, χ) denotes the
Dirichlet L-function corresponding to χ.
P r o o f. See Section 3.1 of [6]. 
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Lemma 2. Let q > 8 be an odd integer and χ a primitive Dirichlet character























2 + χ̄(2) − χ̄(4)
2πi
























[4 + χ̄(4) − χ̄(8)
4




, if χ(−1) = −1,(6)
where χ4 is the primitive Dirichlet character modulo 4, and χ81 and χ82 are the two
primitive Dirichlet characters modulo 8 with χ81(3) = 1 and χ82(3) = −1 respec-
tively.
P r o o f. We only prove formula (5), the others can be obtained in the same way.

























































This proves formula (5). Similarly we can deduce the other formulas. 
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Lemma 3. Let q and r be integers with q > 2 and (r, q) = 1, and χ a Dirichlet























denotes the summation over all primitive characters modulo q, and
J(q) denotes the number of all primitive characters modulo q.
P r o o f. See Lemma 4 in the reference [7]. 
Lemma 4. Let q be any integer with q > 2, let τk(n) denote the k-th divisor
function (i.e., the number of solutions of the equation n1n2 . . . nk = n in positive






















where ζ(s) is the Riemann zeta function.
P r o o f. See Lemma 3 in the reference [8]. 
Lemma 5. Let q > 8 be an odd integer, χ be a Dirichlet character modulo q,
χ4 be the primitive character modulo 4, χ81 and χ82 be the two primitive characters


























































































denotes the summation over all primitive characters modulo q, and
J(q) denotes the number of all primitive characters modulo q.
P r o o f. Using the method from the proof of Lemma 5 in the reference [5], we
can deduce the results. 
Lemma 6. Let q > 8 be any odd integer, and χ the Dirichlet character modulo
q, m > 0. Then we have the following asymptotic formulae:
∑∗
χ(−1)=−1











































































































































































































′ denotes the summation over all positive integers n with (n, q) = 1.
P r o o f. We only prove the first formula, the others can be obtained by the same
method.


















































Hence, we can have
∑∗
χ(−1)=−1




































































































= M1 + M2 + M3 + M4.(7)
Now we shall calculate each term in the expression (7).

































































































denotes the summation over n from 1 to N such that (n, q) = 1.
For simplicity, we split the sum over n1 or n2 into four cases: i) 2
md 6 n1 6 2
mN
and d 6 n2 6 N ; ii) 2
md 6 n1 6 2
mN and 1 6 n2 6 d − 1; iii) 1 6 n1 6 2md − 1
and d 6 n2 6 N ; iv) 1 6 n1 6 2





































τ(r1d + l1)τ(r2d + l2)

















[(r1d + l1)(r2d + l1)]
ε













































































where we have used the estimate τ(n) ≪ nε.
For the case 1 6 n1 6 2
md − 1, 1 6 n2 6 d − 1, the solution of the congruence






















































































































(ii) From Lemma 2 of [9], we have the estimate
∑
χ6=χ0
|A(y, χ̄)|2 ≪ y1+εϕ2(q) and
∑
χ6=χ0
|B(y, χ)|2 ≪ y1+εϕ2(q),
where χ0 denotes the principal character modulo q. Then from the Cauchy inequality













|B(y, χ)| ≪ y1/2+εq3/2.




















































(iv) By the same argument as in (ii), and noting the absolute convergence of the










































































































This completes the proof of the first formula of Lemma 6. 
Lemma 7. Let q > 8 be any odd integer, and χ the Dirichlet character modulo
































































































































































































































































































































































































This proves the first formula. By the same method, one can obtain the other formu-
lae. 
3. Proof of the theorem











































L(1, χ̄χ4) if χ(−1) = 1 ,
(2χ(2) − 1)τ(χ)
πi














































L(1, χ̄χ81) if χ(−1) = 1,
τ(χ)
πi
((2χ(2) − 1)L(1, χ̄) −
√
2χ(2)L(1, χ̄χ82)) if χ(−1) = −1.
First we prove Theorem 2. Noting that χ is a primitive character modulo q, we





















































































































































































































































Thus we complete the proof of Theorem 2. Similarly, combining (17), (18) and
Lemma 5, we can use the same method to deduce Theorem 1.
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